Mathematics 38 Tufts Differential Equations

Examination | UNIVERSITY October 3, 2011
No calculators, books or notes are allowed on the exam. Aditednic devices must be turned off
and put awayou must show all your work in the blue book in order to receive full credit. Please
box your answers and cross out any work you do not want gralltedke sure to sign your blue
book. With your signature you are pledging that you haveneeigiven nor received assistance on
the exam.Good luck!

Please write the solutions to problems 1-5 on the inside2{bhiont cover of your exam book.

. (3 points each, no partial credit) For each of the diffelrgguations below determine the order,
determine whether the differential equation is linear, ésd, whether it is homogeneous.
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Solution: a. 3,1, n,b. 7,n,c. 4,n,d. 3,n.

. (3 points each, no partial credit) Find all real values.dbr which the given function is a solution
of the given differential equation.
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C. x = e, x'\/z = 2e3

Solution: a. —7, b. 1/4, 3/4,c. 2.
. (1 point each) For each of the following differential eqoas state whether it is normal on
0<t<2.
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Solution: a. no,b. no,c. yes,d. yes.

. (5 points) Evaluate the determinattit
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Solution: 5-4-3-2-1=120.
. (5 points) What is the Wronskian &f (t) = te! andhy(t) = t2et att = 0?
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Solution: W{tet, t2et](0) =
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(5 points) Solve the initial-value problem xd—f = —t?, z(0) = 5.

Solution: Separation of variablesz?/2 = [zdx = — [t*dt = —t*/3 + C. Insertt = 0,

r = —5t0get25 = (—5)2 = 2C, sox = —/25 — 2t3/3.

. (10 points) At the poinfty, «) = (1, 2) the Existence and Uniqueness Theorem does not apply to

the differential equation

dx
t—1)— = —z.
Determine whether there are no solutions, more than ondi@olar a unique solution of the
differential equation with the initial value(1) = 2. Explain!

Solution: Plugint =1, z = 2 to get0 = —2, which is impossible—there is no solution.

. (10 points) Consider the functiont$ and |t3| defined on—co < t < co. Are they linearly

independent? Explain!

(Hint: Computing the Wronskian mayot be the best approach.)

Solution: If c¢;t3 +c,|t3| = 0forall ¢, then we can insett= 1to getc; +c, = 0 andt = —1to get
—c1 + ¢ = 0; together these give, = 0 andcy, = 0, so these functions are linearly independent.

. (15 points) Consider the first-order differential equation

*) L =P+ -1)"
a. Find all equilibria and draw the phase portrait of (*).
Solution: The equilibria are-2, 0, 1; the phase portrait is>—e—<—e—<«—e——.
b. Which equilibria are attractors, which are repellers, anectviare neither? Which are stable
and which are unstable?

Solution: —2 is an attractor] is a repeller( is neither;—2 is stable and1 are unstable.
c. Does there exist a valug) such that the solutiom(¢) of (*) with initial condition z(0) = z
approachesc ast — oo? If your answer is “yes”, please provide a specific value wWaks;
if your answer is “no”, explain why this is so.
Solution: Yes, 17. (Or any other number greater than 1.)
d. Does there exist a valug, such that the solution(¢) of (*) with initial condition z(0) = xg
satisfieslim,;_, ., z(t) = —1? If your answer is “yes”, please provide a specific value that
works; if your answer is “no”, explain why this is so.

Solution: There is no such initial value becauseé is not an equilibrium.
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10 points) Find the general solutionef- —2—— + — =0
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Solution: D® —2D* + D3 = D3(D? — 2D + 1) = D3(D — 1)2, so
z(t) = ¢1 + cot + c3t® + cyel + cstel.

(15 points) Find the general solutionof + x = 2sect, 0<t<m/2.
, . - [ Ki(t) = —2tant,
Solution: h(t) = ¢1 cost + co sint. Variation of parameters giv Sk’ (t) = 2 hence
2 = 4
k1(t) = 2Incost andkq(t) = 2t,
sop(t) = 2costlncost + 2tsint and

x(t) = ¢y cost + cosint 4+ 2 costlncost + 2t sint.
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