Tufts University
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Math 13
Final Examination Fall 2009: Solutions

Instructions: Please do all problems below. You must show your work and justify your answers
in order for partial or full credit to be awarded. No books, notes or calculators are allowed during
this exam. You are required to sign each examination blue book that you are handing in. With
your signature, you are pledging that you have neither given nor received any help pertaining to this
exam. If you are found in violation of this policy, you will be refered to the Dean of Students and
automatically receive an F for the course.

Problem 1.
(a) Give an equation for the plane containing the points (2,2,0), (3,0,1), and (6,0,0).

The plane is parallel to the vectors (1, —2,1) and (4, —2,0) hence an example of a normal vector is
given by (2,4,6) = 2(1,2,3). Using n = (1,2,3) we obtain

n-(a:,y,z> :n'<27270>
T+2y+32=6

which is easily seen to contain the 3 points.

(b) Give an equation for the plane tangent to the surface
22y —2zyz +322 =3
at the point (—2,-3,—1).

Define g(x,y,2) = 2%y — 2xyz + 322. Then the surface is the level surface g(z,y,2) = 3, hence
the gradient vector Vg(x,y,z) = <2a:y — 29z, 2% — 2wz, —2xy + 6z> is everywhere normal to the
surface. Thus we may use n = Vg(—2, -3, —1) = (6,0, —18) and obtain
<67 0, _18> : (xv Y, Z> = <67 0, _18> ' <_27 -3, _1>
6r — 182 =6

as an equation of our plane.

Problem 2. Find the minimum and maximum values of the function f (z,y,z) =
8z — 4z on the ellipsoid 22 + 10y% + 22 = 5.

Using the method of Lagrange multipliers we set up the system Vf = AVg and the constraint
9(@,y,z) =5

8 =2z (1)
0 = 20)\y (2)
—4=2\z (3)
5= 2%+ 10y* + 22 (4)



Clearly equations (1) and (3) would be violated if A = 0 hence we may assume A # 0. Thus we
obtain from equation (2) that y = 0 and by solving (1) and (3) for A we have

4 —2

T N= =

x z

or x = —2z. Pluging into (4) we have
(—22)? +10(0)* + 2% =5
with solutions z = +1. Hence we have two test points: (2,0, —1),(—2,0,1). We evaluate f(2,0,—1) =
20 and f(—2,0,1) = —20 hence our maximum is 20 and our minimum is —20.
Problem 3.
(a) Find all the critical points of the function f (z,y) = z* + 32zy + 32y°.

The partial derivatives of f are defined and continuous everywhere, hence critical points will only
occur when f, = f, = 0. We have

0= folz,y,2) = 4o’ + 32y (1)
0= fy(z,y,2) = 32z + 64y (2)
From (2) we see y = Zt2. Plugging into (1) we have
42° — 16z = 0
dx(z —2)(z+2)=0
z=0,42.

We thus obtain 3 critical points: (0,0), (2, —1), (—2,1).

(b) The function f(z,y) = 823 + y® 4+ 6zy has a critical point at (—3,—1). Determine
whether it is a local minimum, a local maximum, or neither, for f(z,y).

We calculate

fo = 2422 + 6y
fy=3y* + 6z
froe = 482
fyy = 6y
Joy = fyz =6

Hence we evaluate

D(_'5v _1) = f:v:v(_'57 _1)fyy(_'5v _1) - [facy(_'5v _1)]2

= (—24)(—6) — 36
>0
hence at (—.5,—1) the function f has a local max or a local min. Since fz,(—.5,—1) = =24 <0

we conclude that f has a local maximum at (—.5, —1).



Problem 4. Evaluate the line integral fc y ds, where C is the curve given by the
parametric equations

_ _ 43
{x—gtt’_\/ggtg\/g.

y = 3t?

After careful calculation we obtain

dz\ 2 dy 2
ds = ¢/ [ = il
s m) ()
= \/(3 — 3t2)% + (6t)°dt
= /9 — 18¢2 + 94 + 36¢2d¢

= /9 + 182 + 9t4dt
= /(3 + 3t2)2dt
= (3 + 3t%)dt

since 3 4 3t? is always positive. Hence

V3
/yds = / 3t3(3 + 3t%)dt
c ~V3
V3

:9/ 2 4+ t1dt
-3

t3 t5 \/g
__|__)

3 573
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:18\/§+%\/§
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Problem 5. For each region set up, but do not evaluate, a triple integral in the
specified coordinates expressing the given volume

Figure 1: Problem 5



(a) The volume of the region in the first octant outside the cylinder 22 + y?> = 1 and
inside the sphere z2 + 3 + 22 = 4 (see Fig 1a), in cylindrical coordinates.

T oo IR
/ // 1rdzdrdf
o J1 Jo

(b) The volume of the region in the first octant inside the sphere 22 + 3> + 2> = 2 and
outside the cone obtained by rotating about the z-axis a ray making angle § radians
with the positive z-axis (see Fig 1b), in spherical coordinates

/ / / 1 p%sing dp df do
z Jo Jo

Problem 6. Let £ be the pyramidal region with vertices (0,0,0), (1,0,1), (0,1,1),
and (0,0,1) (see Fig 2). Express the integral

Figure 2: Problem 6

///gf(x,y,z) av

as an iterated integral in the order

(a) dz dy dx
1 11—z 1
L[] e ey s
o Jo T4y

1 1 Z2—x
/ / / flx,y,2) dy dz dx
0 x 0

(b) dy dz dx



Problem 7. Calculate the surface integral (flux integral)

J[F-as= [[Ponas

F(z,y,2) = —xi—yj + zk

of the vector field

over the surface S given by z =4 — 2% — 2, z > 0.

The surface is the graph of z = f(x,y) where f(z,y) = 4— 22 —y? over the domain D : 22 +32 < 4.
Using the upward orientation we have

// -dS = // (—fo:— [y, 1) dA

—/< T, —y,4—x2—y2>-<2x,2y,1> dA
D

—// —322 3y +4 dA
27
/ / (4— 3r r dr df

34)

=2 (2r® —
27 (2r 1

0
= —8m.

Problem 8. Calculate the surface integral



Figure 3: Problem 8

where S is the part of the cone 2?2 = 2% + 3% between the planes z = 1 and z = 2
(see Fig 3).

Let us set up the integral in Fuclidean coordinates then convert to polar. The surface is the graph
of z = f(x,y) where f(z,y) = \/22 + y? over the domain D : 1 < 22 + y? < 4. Thus we have

//Saﬂz? dSZ//])9‘32(352+y2)\/(f:c)2+(fy)2+1dA

2 2
= (22 + 42 — + . +1dA
//D ( ) Va4 y? Va4 y?
2,2
2,2 2y [TTHY
= 1dA
//D:c(a: +y°) 332—|—y2+ d
://D:c2<x2+y2) V2 dA
2w 2
= \/5/ / 2 cos? O(r?) r dr df
o Ji
2w 2
2\/5/ / 75 cos? 6 dr df
o Ji
2w 2 51
=V2 T 5(003(29)—1—1) dr df
o Ji
62 . 2
r 1 sin(26)
-2 = -

o (E) <<2w—0>—;%<0—o>>
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Problem 9. Use the Divergence Theorem to calculate the flux of the vector
field F(z,y, z) = xyi+ yzj + zzk over the surface of the prism in the first quadrant
bounded by the coordinate planes, the plane = + y = 1, and the plane z = 1 (see
Fig 4), with outward orientation.

|
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Figure 4: Problem 9

Since S is a closed surface with outward orientation, we have

//F~dS:///div(F)dV
S £

Z///y+z+ach

£
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