MATH 61-02: WORKSHEET 8 (§5.3-5.4)
AND PRACTICE PROBLEMS FOR MIDTERM 2

(W1) Let (P, ≤) be a poset. A chain is a sequence of distinct elements x1 ≤ x2 ≤ ... ≤ xk , and we say that
k is the length of the chain. An antichain is a subset A ⊂ P such that xky for all x, y ∈ A, and we
say that |A| is the width of the antichain. (In other words, a chain is a subset of P in which any two
elements are comparable; an antichain is a subset of P in which no two elements are comparable.)
(a) We have seen that (P([n]), ⊆) is a poset. What is the length of the longest chain in this poset?
For one finite set to be properly contained in another, the second set must have at least one more
element. So if I take a chain formed by starting with the empty set and adding the elements of
[n] one at a time, such as
∅ ⊆ [1] ⊆ [2] ⊆ · · · ⊆ [n],
this is largest-possible. The length of this chain is n + 1.
(b) Recall that Subk (S) is the set of all k–element subsets of S. Verify that for any 0 ≤ k ≤ n, the
poset contains Subk ([n]) as an antichain. What is its width?
(c) Let α be the length of the longest chain, which you computed in the first part. It is a general
fact about posets that they can be partitioned into α antichains. Verify that in this case.
It is clearly impossible for two distinct elements with the same cardinality to be comparable,
because neither can be a subset of the other unless they are equal. So if I consider all subsets
with cardinality k, they are all mutually noncomparable and thus form an antichain. The width
is | Subk ([n])| = nk , because that’s the number of ways to choose k elements out of n to form
a subset.
(d) The following are four Hasse diagrams of (P([4]), ⊆). Which one is organized to make the
chains and antichains easy to recognize? Explain.

Both the third and fourth are organized with the antichains Subk ([4]) as the horizontal rows.
(Note that the widths are 1, 4, 6, 4, 1 as in Pascal’s triangle.) But the third one groups them
in a way that is irrelevant to the chain/antichain structure. In either case, chains are paths
following edges from the bottom node to the top node. For instance, the chain described in the
solution to part (a) is the one along the left side of the diagram.
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(W2) We saw several examples of topological quotient spaces in class. For instance, [0, 1]/0 ∼ 1 is a circle.
(a) Consider the equivalence relation on R given by x ∼ y ⇐⇒ x − y ∈ Z. What is the equivalence
class [0]? What is the equivalence class [π]? Describe R/ ∼.
Here, [0] = Z, and [π] = π + Z. I get a set of representatives from taking the unit interval [0, 1]
and identifying its endpoints, which, as recalled above, forms a circle.
Why is this reasonable? Because we are identifying integers whenever they have the same
fractional part; the fractional parts possible range as 0 ≤ {x} < 1, but 0 is very close to .999.
(b) Let D be the unit disk {(x, y) : x2 + y 2 ≤ 1} ⊂ R2 . Define an equivalence relation by
(x, y) ∼ (z, w) ⇐⇒ (x, y) = (z, w) or x2 + y 2 = z 2 + w2 = 1,
and describe the resulting quotient space D/ ∼.
This glues the whole circular boundary of D to a single point, so I can represent D/ ∼ by a
sphere with that special point as the north pole.
(c) Come up with an equivalence relation that turns an annulus A = {(x, y) : 1 ≤ x2 + y 2 ≤ 4} into
a torus.
To do this, I should glue the inner boundary to the outer boundary. I want an equivalence
relation that picks out when two pairs of points are on a line of the same slope and one unit
apart, such as:
(x, y) ∼ (z, w) ⇐⇒ xw = zy and (x − z)2 + (y − w)2 = 1.
(In other words, we glue points together when they’re on lines of the same slope and one unit
apart!)
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(PP1) In a lottery, 5 balls are drawn at random from 81 balls numbered 1 through 81.
(a) How many ways are there to draw balls that are all odd-numbered?

There are 41 odd-numbered balls in all, so there are 41
ways to pick five of them. The
5
 81
probability that this happens if you’re picking at random is 41
5 / 5 , or about 2.9%. If you
eyeballed this by saying that each ball has about a 50% chance of being odd, that would give
you an estimate of 1/25 = 3.125%. (Not too shabby.)
(b) What is the probability that the five balls you draw will be consecutive?
That’s basically asking for a “straight”—there are 77 different consecutive runs of 5 numbers

in all (the lowest-numbered ball in the run could be 1, 2, . . . , 77). So the probability is 77/ 81
5 ,
roughly .0003%.
(c) How many ways to draw balls such that no two are consecutive? (If this is too hard, try it with
2 balls out of 10 instead of 5 out of 81.)
Suppose I consider the sizes of the gaps between the numbers of the balls that I chose. I’d get
n1 + n2 + n3 + n4 + n5 + n6 = 76. The fact that the numbers are not consecutive means that
n2 , n3 , n4 , n5 ≥ 1. However, I have n1 , n6 ≥ 0 because it’s possible to choose the balls numbered
1, which leaves no unchosen balls to the left, or 81, which similarly leaves no gap to the right.
So I can change variables by setting N1 = n1 + 1 and N6 = n6 + 1, which gives me the following
system:
N1 + n2 + n3 + n4 + n5 + N6 = 78,
where now all the variables are ≥ 1. This is a classic stars and bars setup: I’ve got 78 stars,
which have 77 spaces
between them; I place 5 bars to divide them into 6 chunks, and so my

total count is 77
ways!
5
If you are curious, the probability of this is about 77%!
(PP2) (a) Suppose |A| = 10 and |B| = 8. How many injections are there from A → B?
There are none. The pigeonhole principle guarantees that you can’t put 10 inputs into 8 “output
slots” without a collision.
(b) For the same A and B, how many surjections are there from A → B?
There are two possibilities. I need to hit all 8 points in the target space; either two of them will
be hit twice, or one will be hit three times.

Case 1: Choose two outputs to be double-hit ( 82 ways) and choose a pair of inputs to map to


8
each ( 10
2 · 2 ). Then map the remaining 6 inputs to the remaining 6 outputs (6! ways).

Case 2: Choose one output to be triple-hit (8 ways) and choose three inputs to map there ( 10
3
ways). Then map the remaining 7 inputs
 to8the remaining
 7 outputs (7! ways).
10
All in all, since OR means add: 82 · 10
·
·
6!
+
8
·
2
2
3 · 7!, or about 183 million.
To get the probability of a surjection, divide by 81 0 and you get just about 17%!
(c) Give a bijection from the integers Z to the odd integers 2Z + 1.
Easy enough! As a function, I can write f (n) = 2n + 1, and I can see that it’s injective
(2a + 1 = 2b + 1 =⇒ a = b) and surjective (every odd is of the form 2n + 1 for some integer
n). Written as a relation, this is f = {(n, 2n + 1) : n ∈ Z}.
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(PP3) Let L be a line in the plane. Let S be the set of lines in the plane not parallel to L. Define a relation
∼ on S by
L1 ∼ L2 ⇐⇒ L1 ∩ L = L2 ∩ L
(so two lines are related if they intersect L in the same set).
(a) Show that ∼ is an equivalence relation.
?

Reflexive: L1 ∼ L1 ⇐⇒ L1 ∩ L = L1 ∩ L X
Symmetric: L1 ∼ L2 ⇐⇒ L1 ∩ L = L2 ∩ L ⇐⇒ L2 ∩ L = L1 ∩ L ⇐⇒ L2 ∼ L1 X
Transitive: Suppose L1 ∼ L2 and L2 ∼ L3 . Then L1 ∩ L = L2 ∩ L. This must be a single point,
since it can’t be infinite or the empty set because Li are not parallel to L. Call it x. Similarly,
L2 ∩ L = L3 ∩ L must be single point; call it y. But now both x and y are on L2 ∩ L. Since
two non-parallel lines can’t intersect twice, x = y. Thus L1 ∩ L = L3 ∩ L, and we’ve shown
L1 ∼ L3 . X
(b) Determine the equivalence classes of ∼, and describe the quotient space S/ ∼.
The equivalence class of L1 is, by definition, [L1 ] = {L0 ∈ S : L0 ∩ L = L1 ∩ L}. In other words,
an equivalence class is characterized by all of its lines intersecting L at the same point. That
means there is a bijective correspondence from points on L to equivalence classes; to each point
corresponds all of the lines that go through it. So an efficient way to model the quotient space
is by the points of L itself, i.e., S/ ∼= L.
(There are other possibilities too, such as S/ ∼= {lines perpendicular to L}, which is formed
by taking the perpendicular at each point as a representative of all the lines meeting L there.
But personally I find the first choice easier to think about.)
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