Mathematics 51 Tufts Differential Equations

Examination | UNIVERSITY October 1, 2012, 12-1:20
No calculators, books or notes are allowed on the exam. aditednic devices must be turned off
and put awaytou must show all your work in the blue book in order to receive full credit. Please
box your answers and cross out any work you do not want graledke sure to sign your blue
book. With your signature you are pledging that you haveneeigiven nor received assistance on
the exam.Good luck!

Please write the solutions to problems 1—-6 on the inside{bhiont cover of your exam book.

. (3 points each, no partial credit) For each of the diffe@rgguations below determine the order,
determine whether the differential equation is linear, ésd, whether it is homogeneous.
d3z dx

a. tt—— +t— —x—t" =
dt3+ 7dt x 0
dr d'z

b. 28— +—= =z +1¢°
x dt+dt74 T +
dx\° d*z

c. (= — 32T+ tT=0
(dt) togE o UT

d. (xl)zx/// — .CC433N —l—t5£l,‘/
Solution: a. 3,1, n,b. 7, n,c. 4,n,d. 3, n.
. (3 points each, no partial credit) Find all real values«ddr which the given function is a solution
of the given differential equation.

a.r=aq, (D" +3D% —2tD°> +7D*+ D> - D?+ D -1z =7

b. x =1t%1t>0, 16t%z” +3x =0

C. x = e, x'\Jx = 2e3t
Solution: a. —7, b. 1/4, 3/4,c. 2.
. (2 points each, no partial credit) For each of the followinffedential equations state whether it is
normal on0 < t < 2.

a (t- 1) 55

(t—1)— —ox =
dt
dx

b. t— + etx = sint
dt

Solution: a. no,b. yes.

. (5 points, no partial credit) For the initial-value problem’ = 2%, z(0) = —1 use 2 steps of
Euler's method to approximate(1).

Solution: z(1/2) ~ -1+ 3 - (—1)? = —=1/2andz(1) ~ —=1/2 + § - (-1/2)* = -3/8.
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0 0 2 70
. (5 points, no partial credit) Evaluate the determinadet | 0 0 0 3 8
0 0 0 0 4
5 0 0 0 O

Solution: 5-4-3-2-1 = 120.
. (5 points, no partial credit) Compute the Wronskiarkeft) = sint andhs(t) = tcost att = 0.
0 0

X ok

Solution: Wsint,t cost](0) = = 0.
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. (15 points) Solve the initial-value problemd—ij —tr=1t, z(0)=

. o d
(10 points) Solve the initial-value problermd—f = —t?, x(0) = 5.

Solution: Separation of variablesz?/2 = [zdx = — [t?dt = —t*/3 + C. Insertt = 0,
r = —5t0get25 = (—5)2 = 2C, sox = —/25 — 2t3/3.
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3

Solution: Rewrite as’ = (2 + 1)t and separate variablesi |z +1| = t2/2+c, soz+1 = ke'*/2,
andz(t) = ke’ /2 — 1. Now,1/2 = (0) = k — 1, sok = 3/2, andz(t) = 2et"/2 — 1.

Alternate solution: Take the associated homogenenous equation; tx = 0 and separate
variables to geln || = t2/2 + ¢, sox = ke /2. By inspectionp(t) = —1 is a particular solution
or use the variation of parameters ansatz k(t)et’ /2 to getk’(t)et”/2 = ¢, or k'(t) = te—t'/2.
Integrate by substituting = 2/2, sodu = tdt, to findk(t) = —e~*'/2 + ¢, hence

z(t) = (—€_t2/2 + c) /2 = cet/2 1.

Plugging in the initial condition gives = 3/2, as in the other solution.

. (5 points) Consider the functiort$ and|t°| on —co < t < co. Are they linearly independent?

Explain!
(Hint: Computing the Wronskian mayot be the best approach.)
Solution: If ¢;t° +co|t°| = 0 for all ¢, then we can insett= 1to getc; +c; = 0 andt = —1 to get
—c1 + ¢ = 0; together these give, = 0 andcy, = 0, so these functions are linearly independent.
(10 points)

a. Check whethee! ande~? are solutions of” — z = 0.

b. Check whethee! ande~t generate the general solutionadf — = = 0. (Give reasons!)

c. Find a constant solution of’ — = = 3.

d. Find the general solution af’ — = = 3.

Solution: a. Yes: D?e*! — e*t = et — e*t = 0. b. Yes: Wle!,e~!](0) = det (} _11) =

—2 # 0. c. If z is constant, ther” = 0, so—z = 3, andz = —3. d. cie! + coet — 3.
(10 points) Determine whether the system

r+y+z2=0
T+2y+2=0
y+z2=20

has a unique solution or no solution or infinitely many salns; find all solutions.

Solution: By Cramer’s rule there is a unique solution, and it therefoleafty) isx = y = z = 0.
(10 points) Find all solutions of the system

1 +2x20+ 23— 14— T5=1
201+ 2x0 4+ 2203 — 314 — 225 = 1

—I1 — x3+2r4+ x5=1
12 1 -1 —-1|1 1 21 -1 —-1|1
Solution: 2 2 2 =3 -2|1| R3oRr34r2-r1 (2 2 2 =3 -—2[1 | thereis
-1 -1 2 1|1 000 0 O0f1
no solution.
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